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PATHOLOGICAL SOLUTIONS TO ELLIPTIC PROBLEMS
IN DIVERGENCE FORM WITH CONTINUOUS
COEFFICIENTS
TIANLING JIN, VLADIMIR MAZ'YA, AND JEAN VAN SCHAFTINGEN
Résumé. We onstrut a funtion u ∈ W 1,1
loc
(B(0, 1)) whih is a solution
to div(A∇u) = 0 in the sense of distributions, where A is ontinuous and
u 6∈ W 1,p
loc
(B(0, 1)) for p > 1. We also give a funtion u ∈ W 1,1
loc
(B(0, 1))
suh that u ∈ W 1,p
loc
(B(0, 1)) for every p <∞, u satises div(A∇u) = 0
with A ontinuous but u 6∈ W 1,∞
loc
(B(0, 1)).
1. Introdution
Consider the equation
− divA∇u = 0 in Ω,(1)
for Ω ⊂ Rn. If A : Ω→ Rn×n is bounded, measurable and ellipti, i.e., there
exists λ,Λ ∈ R∗ suh that for every x ∈ Ω, A(x) is a symmetri matrix, and
|ξ|2 ≤ (A(x)ξ) · ξ ≤ Λ|ξ|2,
then one an dene a weak solution u ∈W 1,1loc (Ω) by requiring that for every
ϕ ∈ C1c (Ω), ∫
Ω
(A∇u) · ∇ϕ = 0.
We are interested in the regularity properties of u. A fundamental result
of E. De Giorgi [3℄ states that if u ∈ W 1,2loc (Ω), then u is loally Hölder
ontinuous. In partiular, u is then loally bounded. In the same diretion,
N. G. Meyers [8℄ also proved that u ∈W 1,ploc (Ω) for some p > 2.
J. Serrin [9℄ showed that the assumption u ∈W 1,2loc (Ω) is essential in E. De
Giorgi's result by onstruting for every p ∈ (1, 2) a funtion u ∈ W 1,ploc (Ω)
that solves suh an ellipti equation but whih is not loally bounded. In
these ounterexamples A is not ontinuous. J. Serrin [9℄ onjetured that if
A was Hölder ontinuous, then any weak solution u ∈W 1,1loc (Ω) is inW
1,2
loc (Ω),
and one an then apply E. De Giorgi's theory.
This onjetured was onrmed for u ∈ W 1,p(Ω) by R. A. Hager and J.
Ross [4℄ and for u ∈W 1,1(Ω) by H. Brezis [1, 2℄. The proof of Brezis extends
to the ase where the modulus of ontinuity of A
(2) ωA(t) = sup
x,y∈Ω
|x−y|≤t
|A(x)−A(y)|,
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satises the Dini ondition
(3)
∫ 1
0
ωA(s)
s
ds <∞.
In the ase where A is merely ontinuous, H. Brezis obtained the following
result
Theorem 1.1 (H. Brezis [1, 2℄). Assume that A ∈ C(Ω;Rn×n) is ellipti. If
u ∈W 1,ploc (Ω) solves (1), then for every q ∈ [p,+∞), one has u ∈W
1,q
loc (Ω).
H. Brezis asked two questions about the ases p = 1 and q = ∞ in the
previous theorem. We answer both questions, with a negative answer. First
we have
Proposition 1.2. There exists u ∈ W 1,1loc (B(0, 1)) and an ellipti A ∈
C(B(0, 1);Rn×n) suh that u solves (1), but u 6∈ W 1,ploc (B(0, 1)) for every
p > 1.
As a byprodut, we obtain
Proposition 1.3. There exists A ∈ C(B(0, 1);Rn×n) suh that the problem
(4)
{
− div(A∇u) = 0 in B(0, 1),
u = 0 on ∂B(0, 1).
has a nontrivial solution.
Our onstrution in Proposition 1.2 allows in fat to show that the oun-
terexamples an be improved
Proposition 1.4. There exists u ∈ W 1,1loc (B(0, 1)) and an ellipti A ∈
C(B(0, 1);Rn×n) suh that u solves (1), Du ∈ (L logL)loc(B(0, 1)) but u 6∈
W 1,ploc (B(0, 1)) for every p > 1.
In partiular, in this ase, Du belongs loally to the Hardy spae H1 (see
[10℄).
Conerning the possibility of Lipshitz estimates, we have
Proposition 1.5. There exists u ∈ W 1,1loc (B(0, 1)) and an ellipti A ∈
C(B(0, 1);Rn×n) suh that u solves (1), Du ∈W 1,ploc (B(0, 1)) for every p > 1,
Du ∈ BMOloc(B(0, 1)) but u 6∈W
1,∞
loc ((B(0, 1)).
This shows that Du ∈ Lp(B(0, 1)) does not imply Du ∈ L∞(B(0, 1/2)),
one an wonder whether it implies that Du ∈ BMO(B(0, 1/2)). The answer
is still negative
Proposition 1.6. There exists u ∈ W 1,1loc (B(0, 1)) and an ellipti A ∈
C(B(0, 1);Rn×n) suh that u solves (1), u ∈ W 1,ploc (B(0, 1)) for every p ∈
(1,∞) but Du 6∈ BMOloc(B(0, 1)).
The onstrution of the ounterexamples are made by expliit formulas,
inspired by the onstrution of J. Serrin [9℄. They an also be obtained from
asymptoti formulas of V. Kozlov and V. Maz'ya [6, 7℄.
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2. The pathologial solutions
Our ounterexamples rely on the following omputation
Lemma 2.1. Let v ∈ C2((0, R)) and α ∈ C1((0, R)). Dene A(x) = (aij(x))1≤i≤n
1≤j≤n
by
aij(x) = δij + α(|x|)
(
δij −
xixj
|x|2
)
.
Then for every x ∈ B(0, R) \ {0},
(5)
div
(
A(x)∇(x1v(|x|))
)
= x1
(
v′′(|x|) +
n+ 1
|x|
v′(|x|)−
n− 1
|x|2
α(|x|)v(|x|)
)
.
Remark 1. If P is a homogeneous harmoni polynomial of degree k, the
formula generalizes to
(6) div
(
A(x)∇(P (x)v(|x|))
)
= P (x)
(
v′′(|x|) +
n+ 2k − 1
|x|
v′(|x|) −
k(n+ k − 2)
|x|2
α(|x|)v(|x|)
)
.
Proof of Proposition 1.2. Choose β > 1, and dene for some r0 > 1, for
r ∈ (0, 1),
(7) v(r) =
1
rn(log r0
r
)β
.
One takes then
(8) α(r) =
r2v′′(r) + (n+ 1)rv′(r)
(n− 1)v(r)
=
−βn
(n− 1) log r0
r
+
β(β + 1)
(n− 1)
(
log r0
r
)2 .
One an take r0 large enough so that α ≥ −
1
2 on (0, 1) ; the oeient matrix
A is then uniformly ellipti. Dene now u(x) = x1v(|x|). One heks that
u ∈W 1,1(B(0, 1)) and that u is a weak solution of (1). Indeed, it is a lassial
solution on B(0, 1) \ {0} by the previous lemma. Taking, ϕ ∈ C1c (B(0, 1))
and ρ ∈ (0, 1), and integrating by parts we obtain∫
B(0,1)\B(0,ρ)
∇ϕ · (A∇u) = −
∫
∂B(0,ρ)
ϕ∇u · (A
x
ρ
)
= −
∫
∂B(0,ρ)
ϕ∇u ·
x
ρ
= −
∫
∂B(0,ρ)
ϕx1
(v(ρ)
ρ
+ v′(ρ)
)
= −
∫
∂B(0,ρ)
(ϕ(x)− ϕ(0))x1
(v(ρ)
ρ
+ v′(ρ)
)
.
Sine ϕ ∈ C1c (B(0, 1)), one has∣∣∣∫
B(0,1)\B(0,ρ)
∇ϕ · (A∇v)
∣∣∣ ≤ Cρn(|v(ρ)| + ρ|v′(ρ)|),
sine the right-hand side goes to 0 as ρ→ 0, u is a weak solution. 
4 TIANLING JIN, VLADIMIR MAZ'YA, AND JEAN VAN SCHAFTINGEN
Remark 2. The examples onstruted in the ase of merely measurable o-
eients by J. Serrin [9℄ to show that a solution u ∈ W 1,ploc (Ω) need not be
in W 1,2loc (Ω) and by N. G. Meyers [8℄ to show that for every p > 2, that a
solution in W 1,2loc (Ω) need not be in W
1,p
loc (Ω) an be reovered with the same
onstrution, by taking v(r) = rα. The elliptiity ondition requires α < n−1
or α > 1. This overs all the ases when n = 2 ; a desent argument nishes
the onstrution in higher dimension.
Proof of Proposition 1.4. One heks that the ounterexample onstruted
in the proof of Proposition 1.4 satises Du ∈ L logL(B(0, 1)) when β >
2. 
Similar examples an be obtained following the results of V. Kozlov and
V. Maz'ya [7℄. By (4) therein, if A ∈ C(B(0, 1);Rn×n), A(Rx) = RA(x)R
where R is the reetion with respet to the x1 variable and A satises some
regularity assumptions, then the equation − div(A∇u) = 0 has a solution
that is odd with respet to the x1 variable and that behaves like
x1
|x|n
exp
(∫
B(0,1)\B(0,|x|)
R(y) dy
)
around 0, where R is dened following [7, (3)℄1
(9)
R(x) =
(e1 · (A(x)−A(0))e1)(x · A(0)
−1x)− n(e1 · (A(x) −A(0))A(0)
−1x)(e1 · x)
|∂B(0, 1)||detA(0)|
1
2 (x ·A(0)−1x)
n
2
+1
.
Taking A as in Lemma 2.1 with limr→0 α(r) = 0, one hasR(x) = α(|x|)(|x|
2−
x1
2)/(|∂B(0, 1)||x|n+2). Therefore, there is a solution that behaves like
x1
|x|n
exp
(n− 1
n
∫ 1
|x|
α(r)
dr
r
)
.
In partiular, if one takes α(r) = −βn/((n−1) log r0
r
), one obtains a solution
that behaves like
x1
|x|n (log
r0
r
)−β. One ould also take aij(x) = δij+κ(|x|)(δij−
nδi1δj1
x1
2
|x|2
) and ontinue the omputations with now R(x) = κ(|x|)(|x|2 −
nx1
2)2/(|∂B(0, 1)||x|n+2).
Proof of Proposition 1.3. Let u be given by the proof of Proposition 1.2.
Notie that u is smooth on ∂B(0, 1). Sine A is bounded and ellipti, the
problem {
− div(A∇w) = 0 in B(0, 1),
w = u on ∂B(0, 1).
has a unique solution in w ∈W 1,2(B(0, 1)). Sine u 6∈W 1,2(B(0, 1)), u 6= w.
Hene, u− w ∈W 1,1(B(0, 1)) is a nontrivial solution of (4). 
Proof of Proposition 1.5. Take for r ∈ (0, 1),
(10) v(r) = log
r0
r
1
The reader should orret the misprint in [7, (3)℄ and read |Sn−1+ | instead of |S
n−1| .
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and
(11) α(r) =
1− (n + 1)
(n− 1) log r0
r
=
−n
(n− 1) log r0
r
,
where r0 is hosen so that α(r) > −
1
2 on (0, 1). Dening u(x) = x1v(|x|), one
heks that Du ∈ W 1,ploc (B(0, 1)), Du ∈ BMO(B(0, 1)), u 6∈ W
1,∞(B(0, 1))
and that u solves (1) in the sense of distributions. 
As for the previous singular pathologial solutions, similar examples an
be obtained from results of V. Kozlov and V. Maz'ya for solutions [6℄. By (4)
therein if A ∈ C(B(0, 1);Rn×n), A(Rx) = RA(x)R where R is the reetion
with respet to the x1 variable and A satises some regularity assumptions,
then the equation − div(A∇u) = 0 has a solution in W 1,2(B(0, 1)) that is
odd with respet to to the x1 variable and that behaves like
x1 exp
(
−
∫
B(0,1)\B(0,|x|)
R(y) dy
)
around 0, where R is given by (9). Taking A as in Lemma 2.1 with α(r) =
−n
n−1(log
r0
r
)−1 one reovers the ounterexample presented above.
Proof of Proposition 1.6. Dene for r ∈ (0, 1),
v(r) =
(
log
r0
r
)2
.
and
α(r) =
−2n
(n− 1) log r0
r
+
2
(n− 1)(log r0
r
)2
.
Dening u(x) = x1v(|x|), one heks that u ∈W
1,p(B(0, 1)) for every p > 1
and that u solves (1) in the sense of distributions. One heks that for every
c > 0, exp(c|Du|) 6∈ L1(B(0, 12 )) ; hene by the JohnNirenberg embedding
theorem [5℄ (see also e.g. [11, Chapter 4, 1.3℄), Du 6∈ BMO(B(0, 12)). 
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